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§ 1. Introduction. 


It is my object in the present paper to give the geometrical inter- 
pretation of the differential equation of all parabolas, as promised at 
the end of my remarks on Monge’s Differential Equation to all Conics.f 
I have already incidentally pointed out the easiest method of deriving 
the differential equation of all parabolas from the integral equation of 


the curve, viz., the parabola being given by 


aa? + 2hey + by? + 2gx + 2fy + c= 0, 
where h* = ab, 
we have, by solving for y, 


by =— (he + f) + {2 f — bg) e + (P be) } 
which may be written 
Y=Px + Q + / Rx +, 
z 
and this being on both sides operated upon by (2) , leads to 
dèy = i R2 
dat 4 (Re + B)È 


dey Ea 
(=) = lx+m,. 


d\? (dy Ca 
(Ga) = 


which is equivalent to the developed form 
dty d+y 5 (= 2 


1 
2 


whence 


so that 


and this is the differential equation to be geometrically interpreted. 


® For a full analysis of this paper, see P. A. S. B. 1888, pp. 156-157. 
+ P. A. S. B. 1888, p. 86, footnote. 
t J. A. S. B. 1887, vol. lvi, part ii, p. 136; P. A, S. B, 1887, pp. 185-186. 
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seems not wholly unnecessary to point out that what we are required to 
do is simply the discovery of a property of the parabola, leading to a 
geometrical quantity which, while adequately represented by the above 
differential expression, vanishes at every point of every parabola. As 
the interpretation I propose to give, follows directly from the properties 
of the osculating conic of any curve, I will begin with a brief account 
of Transon’s Theory of Aberrancy as expounded in his original memoir.* 


§ 2. Transon’s Theory of Aberrancy. 


Consider the conic of closest contact at any point P of a given 
curve ; if NP be the normal to the conic at P, and O its centre, the line 
OP is called the axis of aberrancy, the point O the centre of aberrancy, 
and the angle NOP the angle of aberrancy, viz, this is the angle which 
measures the deviation of the curve from the circular form. Again, 
from the closely analogous case of the circle of curvature, we may 
borrow a very useful term and call the length OP, which joins P with 
the centre of aberrancy, the radius of aberrancy; and the reciprocal of 
this radius may conveniently be termed the index of aberrancy.f Simi- 
larly, the locus of the centre of aberrancy as P travels along the given 
curve, may not be inappropriately termed the aberrancy curve. Before 
proceeding to obtain analytical expressions for these geometrical quanti- 
ties in connection with the osculating conic, we shall first prove the 
following lemma : 

If 5 be the angle between the central diameter and the normal at 
any point of a conic, p the radius of curvature, p' the radius of curvature 
at the corresponding point of the evolute, we have 

1 p’ 
tan ô= 3 p 

Let C be the centre of the conic, and P the given point on the 
perimeter ; p the perpendicular from the centre on the tangent at P; r 
the central radius vector CP ; n the normal PN as limited by the axis 
major; w the angle which the normal PN makes with the axis major, 
and 6 the angle CPN. Then, we have the well-known relations 


p=rcosd 
p?=a* cos? w + b? sin? w = a? (1 — e sin? w) 


* Recherches sur la Courbure des Lignes et des Surfaces, Journal de Mathematiques, 
(Liouville) Ier Ser., t. VI (1841), pp. 191-208. For a very short notice of the subject 
by Prof. Cayley, see Salmon’s Higher Plane Curves, p. 368 (Ed. 1879). 

t In the case of the circle of curvature, the very expressive phrase “ index of 
curvature,” which is the reciprocal of the radius of curvature, has been now abridged 
into the single short term “ curvature ;’ but whether anything has been gained by 
the change is doubtful, 
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es 
a WT e® sin? o 
Hence 
p ar/l—e sin? w 
eas cos  ? 
and 
sin(w—5) nb  cosò 
sin w r a l-e sn o’ 
whence 


7 5 Ż sin v cos w 
a= ao 
Now, it is well-known that the element of arc of the ellipse is given by 
p? dw 
ds = — ——————, 
a (1— è sin’ w)’ 


whence 
ds b 1 
TT 
© & (1—e? sin? w)? 
, dp 3b? @ sin w cos w 
P a P 
do  @ (1— e sin’ w)? 
which give 
p' _ 3e sin w Cos w 
p l—e'sin?w 
Hence, finally, 
tan 6= L n ; 
3 p 


and thus the formula is seen to be true for a central conic. To establish 
the property for a parabola, we notice that the centre being now at infinity, 
the angle at any point P between the normal and the central radius 
vector is the angle between the normal and the diameter, which is equal 
to the angle which the normal makes wıth the principal axis; hence, 
we have 


ô = 0: 
But the intrinsic equation of the parabola is well-known to be given by 
ds 2a 
dw ~ cosèw’ 
where 4a is the latus-rectum. Hence, 
_ 2a 
P = cost 
,_ dp 6asin w 


dw cos*w ’ 
so that 
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U 
P = 3 tan W, 
p 


which gives the required formula 
1 
ima - —. 
3 p 
The above formula in the case of a central conic follows also from 
the properties of conjugate diameters, viz., if r, be the semi-diameter 


conjugate to r, we have 
+r =at 


pr, =ab 
r,3 
p=; 
Hence 
rdr r dr; =0 
and 
dp 3r,*dr, 3r, rdr 
ds ab ds ab ds 
=— ne = 3 tan ô, 
p Ids 
since 
—=-—sin ð, P =cos 8 
r 
Therefore 
ldp lp 
tan ô = 5 T; = 3 p’ 
as before. 


We now proceed to express the elements of the osculating conic in 
terms of the differential co-efficients. For this purpose, we remark that 


dy)? ) è ds\ è 
aha @ 


s dz? da? 
reduces the equation 
ds ds dx 
e ae Be 
to dèy d*y 
dw dat dx? 


— = Se — 


and we have also 
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Cie 
dp _ da 3 ( i) E (2) Ii 


dæ day \ da 
de? 


Hence, we get 


1 p 1 dp 
==> == = > 
tan 3 p 3p dw 
dp 
_lis 
i= 
dèy 
Sey ie tis + ( (2y) dæ? 
T dæ =) j 
TE 


Using p, q, r to denote the first, second and third differential co-efficients 
of y with respect to v, we have the formula for the angle of aberrancy in 
the now familiar form 
(la) © 

3g2 

It is easy to verify this formula when the equation of the conic is 
given in form 


tand=p— 


for the coordinates of any an aM a cos $, b sin %, the equation of 
the central radius vector is ; 
ay cos È = bx sin 9, 
and the normal is 
an by | 
cos sing 
so that the angle between these two lines is given by 


a®— b? . 
lan 0 = sin $ cos ¢. 


ab 
Again, from the equation of the curve we have 


a? sin®? 
3abæ 3b cos È 
= 5 3 eind Y 
(a? — ae)? a” sin p 
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which give 
k _ asin ? cos > 
3g? b i 
2sin2 + b2costp 
a _ vsin p+ cos*) 
a 2 aaa a 
(leap? a-b., 
p- 392 aay sin $ cos $ 
so that 
(1+ p2)r 
tan ð =p— =a 


which is the formula to be verified. 

Next, to calculate the radius of aberrancy R, let dw the angle 
between two consecutive normals, and dy the angle between two conse- 
cutive axes of aberrancy ; then, we have clearly 

dw = dy + do. 
Again, consider the triangle formed by two consecutive radii of aber- 
rancy and the element of arc of the given curve; then, we have 

R ds 


. fa T dy’ 

Sın G = 5) 
And, similarly, from the triangle formed by two consecutive normals and 
the element of arc of the given curve, we get 

ds = pdo, 
whence 

R = pcos ô. de ; 

dy 


But from the equation 


l dp 
tan ò = on Ta’ 
we have 
A d?p = (2 ) 
dd 1 w? dw 
sec? 6. 7, = ear all s 
or substituting for 6, we get 
d@p dp\* 
dò P I ay 
z= 3. ~ Ta Ip\= 
9p? + (= 
Hence 
dw 1 dé 
do dw 


42 
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dp \? dp 

44 (E) - 9 

= -a 
+ @ 


Therefore, from 


we have easily the relation 


4 
R= eeaeee T 


dp dp 
9 p? + 4 ae piel 
all d ey =P do? 


We can now, without much difficulty, change the variables, and 
thus obtain an expression for R in terms of v and y. Thus, as we have 
already seen 


al) 
q 
Ee em me n | 
a a 3 pg? — r (1 + p°) 
de g 
dx l+ p’ 
whence 
3 
dp _ (1 = (+ ar e) 2)” 2 2 
~ f3 p -ra+ey}. 
Hence, we haye 
d? 1+2 ( 
L ( = DE == (1 + p?) | gq? (8g? — Spr) + (1 + p) (3r? — wJ) 
| eamp | 


and 
Ao RA- 
dw? — dw \dw} ~ dw dx \dw 
3 
1 2)” 
= e s ry) E =o al pt) (or — g) | t opge. 
Hence, by actual calculation, we find that 
dp dida 
Op? + (£ jis JA: (1 + p*) — 6pqg?r + ont 


dw 
dope (ae)? 
do ~ qÊ 


dp \? =F 


9p? x 4 (2 (39s — 5r?). 
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Therefore, finally, we get 
9q? f a2 top 345)? } 
(3gs — 5r) 
Hence, it is evident that if I be the index of aberrancy, that is to say, 


the reciprocal of the radius of aberrancy, we have 

tees Oa 
3g i Hipa? 
It is hardly neeessary to point out that, as these formule hold when tha 
origin is anywhere, they are true when the origin is taken to be the 
given point on the curve whose osculating conic we are considering. 

If we take the tangent and normal at the given point as the axes 
of æ and y respectively, we may easily obtain expressions for the coor- 
dinates of the centre of aberrancy, viz., we have 

xX = Reno, Y = R cos Ò, 
and from the relation 


Ri = 


_ eee er 


tan ô = p 3,2 $ 


we get 

T e ces 

a/l + pe G + (rp — 392)? 2 

le a’ 

Site fo + op- 8g) fF 

Hence, the coordinate axes being the tangent and normal at any point 


of a given curve, the values of the coordinates of the centre of aberrancy 
at that point are given by 


sin 6 = 


cos ò = 


3q Í Spg? n EE a ! 
J I + p (3qs — 51?) 
978 
a/l + p* (3gs — 512) ` 
If the coordinate axes, instead of being the tangent and normal at 
the given point, arc such that the axis of « makes an angle 6 with the 


= 


tangent, we have 
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and the new coordinates of the centre of aberrancy are given by the two 
expressions 


D — Sor 
X cos 0 + Y snd = E Be 
; — 3q (pr — 34?) 
— X sin 6 = A 
sin 0 + Y cos 0 TE W 


We, therefore, finally infer that if a curve be referred to rectangular 
axes drawn through any origin, the co-ordinates (a, 8) of the centre of 
aberrancy at any given point (x, y) of the curve, are given in the most 
general form by the system 


a 3qr 
- 3qs — 5r? 
3q (pr — 39") 4 
on 3qs — 5r? 


The equation of the axis of aberrancy, in its most general form, may now 
be at once written down, viz., x, y being the coordinates of the point on 
the curve through which the axis of aberrancy passes, and X, Y, the 
current coordinates, we have for the required equation 

X—g x-a r 


— — 


Fy aB pra 
It may usefully be noted that the values of a, B obtained above, 
lead to some interesting results, viz., we have 


da __r (9q*t — 45qrs + 40r°) 

dx ~ (3qs — 572)? ‘ 
dB (pr — 3q?) (9q2t — 45qrs + 4073) 
ee 


dæ — (3qs — 5r?)? 
so that we may put 


da 
de 
dp 


dx 


= AE: 


=l; 


where 

r ar-a 
(3qs — 5r)?’ E = (qs — 578)?’ 
T = 9g%t — 45qrs + 40r°, 


A= 


so that 

IN 0 
is Monge’s differential equation to all conics.+ It is clear from these 
two expressions that if the given curve is a conic, we have 


* Cf. Dublin Examination Papers, 1876, p. 152, Ques. 6, by Prof. M. Roberts. 
t Cf. Dublin Examination Papers, 1880, p. 361, Ques. 5, by Prof. M. Roberts. 
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Or 

which shews that a and ß are both independent of x, as is, indeed, 
geometrically evident, since the osculating conic of a given conic being 
the curve itself, the centre of aberrancy is a fixed point, viz., the centre 
of the given conic. Similarly, if 

NSRO > RHO, 
we must have 

3qs — 5 = 0, 

which shews that the given curve is a parabola, and, then the centre 
of aberrancy has its coordinates infinite, viz., the centre of aberrancy 
is the centre of the parabola which is, of course, at infinity. We may 
also easily find the values of 


viz., we have 


— z= — — — — SAE 
dy dd p dw 7°? 
dB dB dx 1 dp 
=i ee ee er a | E, 
dy dæ dy p dæ 

where 
À = A 


À 
Pp (Bqs— 5)’ 
— 372 
[i il fe ae ee 
and, these results shew that when, as before, 
Oe 
the centre of aberrancy is independent of y, and, when 
Ài = 0, 4=0%0, 
it is at infinity. 
The directions of the principal axes of the osculating conic are also 
easily determined, for the conic being 
ax? + 2hæxy + by? + 2gx + 2fy + ce = 0, 
if 0 be the angle of inclination of the axis major to the axis of æ, we have 
tan 20 = a 
a—b 
But, I have elsewhere* calculated the values of the constants on the 
right hand side in terms of the differential co-efficients, viz., we have 


h a C 

a 
i g? 
b b Co 


where 


* P. A. S. B. 1888, pp. 82—83. 
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0 V 
Cl ee, 8 10? 

9q” 9g 3 

W 

C3 — V 3 
U = 3gs — 5r? , V = 3¢8 — 4r? , 
W = 3q@r — pV. 


To = 9q* — 6pq*r + (p? + 1) V 


Hence, substituting, we get 


252 
tan 26 = 2 -o 
Co" G — C1 — Cg 
2 V W 


— We + 9p U — V2 
ad 2 (3987 — pV) m 
— 9g = 6pg’r + (P — 1) V 
_ 22W 
— To- 2V: 


The lengths of the axes of the conic of closest contact may also be 


easily calculated, viz., the conic being 
az? + 2Zhay + by? + 2gæ + 2fy + ¢ = O, 
and o the length of either axis, we have the well-known equation 
A (a + b) A? 
4 Se gi = o 
et (h? — ab)? = ab 2 


where A is the discriminant. Now I have already shewn that 


(a ab)? 


A S - 
e 
Therefore, we have 
a 
-+1 
A(a+b) _ a+b _ 5 
hè — ab)? ~— $ a an 3 
(h? — ab) c,? (h? — ab)? 0,3 (z > a) 
EN e E 
_ e ot taf — 4 
= ys Cy E 
c? an Ps | 
2 
T 
= ip 


Similarly 
* Cf. Dublin Examination Papers, 1876, p. 152, Ques. 5, by Prof. M. Roberts. 
7 P. A. S. B. 1888, p. 80. T R Avis, B. ida, p: 83. 
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4 


Therefore, the equation for the lengths of the axes reduces to 
90° To 72998 
o* + Ue o? + T 5 0 
where T) = 0 is the differential equation of all equilateral hyperbolas, 
and U = 0 of all parabolas. 
If the roots of this equation be o,?, o°, the area of the conic is 


Diay” 
7 


T O) Oy = J 
a result I have obtained before.* 

We may similarly consider the osculating parabola and the osculat- 
ing equilateral hyperbola at any point (æ, y) of a given curve. Thus, if 
ax? + 2hæy + by? + 2gs + 2fy +c=0 

where 
h® = ab 
be the osculating parabola, and m its principal parameter, we can easily 
calculate m in terms of the differential coefficients from the formula 
m _ fva-w, 
2” (atd 
For, solving for y, we have 


y=P2+Q+4/2He + B 


where 
h f 
Pe — a ’ Q re b 
hf — bg f?— be 
H= in? BS oa 
Hence, as usual, . 
H 
p= P + coca 
(2He + B)2 
=e 
qi= TE 
(2Hx + B) 
3H? 
(ha Sree, 
(2He + B)? 
so that 
a ine 
(2Hx + B)? 
and 


* P. A. S. B. 1888, p. 84. 
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9H® (1 + P?) 
2 =s 2)? == -E 
whence 
q5 m 
O He = 2 Se e 
{7 + (pr— 3p) tË 271 + PR)? 
But since 
ae fagri 
= b2 F 3 
b2 
a a va 
3 = Wi 
we have from 
m f~ a i g a/b 
(a + b)2 
the relation 
— 2H 
m = — 
(GTP 
and, therefore 
54q5 
m = 


fya + (pr — 39’)? ? g 
which is accordingly the formula sought. 

Again, let us investigate the coordinates of the centre of an equi- 
lateral hyperbola osculating a curve at a given point. In the first place, 
we know that in an equilateral hyperbola the projection of the radius of 
curvature at any point on the central radius vector, is equal to that 
radius vector; for, if R be the radius vector, 5 the angle between the 
normal and the radius vector, p the radius of curvature, and a the semi- 
axis-transverse, we can easily show that 


R? a? 
ee ee cos ô = Fe > 
whence 
R = — pcos ò. 


Hence, if an equilateral hyperbola osculates a curve at a given point, 
in the first instance take the tangent and normal at that point as the 
axes of x and y respectively ; then, expressions for the coordinates of the 
centre are easily obtained, viz., 

Xe ao Y = R eos, 
where R is the distance of the centre from the origin, and 6 the angle 
between tho central radius vector and normal, so that 


—— 
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Rs + pt? 
eos” * ~ 
But the equilateral hyperbola being a conic, we have from the preceding 


investigation 


tan ò = p— ae A 
whence 
og r (E P) 
/ 1 + p G + (rp — 39)? } # 
COEN S 
AST + pS + (rp — 3gp} > 
Therefore we see that the distance of the centre of the osculating equi- 


lateral hyperbola from the given point (which is the origin) is furnished 
by 


sin 6 = 


cos 6 = 


R — me 3g al + p?) 
[at op ser] 
Hence, the coordinate axes being the tangent and normal at any 


point of a given curve, the values of the coordinates of the centre of the 
osculating equilateral hyperbola at that point are given by 


3g 0/1 + P| r (1 + p*) — 3pg° } 

r% + (rp — 3q*)? 
£ Spqr VA l + p? 
T aA CO 
If the coordinate axes, instead of being the tangent and normal at the 
given point, are such that the axis of # makes the angle @ with the tan- 
gent, we have 


T . 
2 


Xes 


tan 0 = — p 7 TP 
; =p 1 
sin 6 cos 0 = 


and the new coordinates of the centre of the osculating equilateral hyper- 
bola are given by the two expressions 
3qr (1 2 
X cos 0 + Y sin 0 EE 
8g (1 + p*) (pr — 34°) 
T? + (rp — 34?)? 
We, therefore, finally infer that if a curve be referred to rectangular 
43 


ll 


— X sin 0 + Y cos 0 = 
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axes drawn through any origin, the coordinates (£, 7) of the centre of 
the osculating equilateral hyperbola at any given point (a, v) of the 
curve, are given in the most general form by the system 
3gr (1 + p*) 

PES = slr 
3g (1 + p°) (pr — 343)? 

re (rp — 3q3)8 

The equation of the line joining the centre of the osculating equi- 
lateral hyperbola with the given point on the curve is at once written 
down in its most general form, viz., x, y being the coordinates of the 
point and X, Y the current coordinates, we have for the required eyua- 
tion 


6 = 78 


GS ey 


Z ere -) 


Y-y  y-y pr—3’ 
which shews that the centre of the osculating equilateral hyperbola is on 
the axis of aberrancy, as is also geometrically evident. From the above 
values of é, 7, it can be shown after some reductions that 


dé dy 
ia Ay To ; a By To 
where 
an To TP) 


i 
2 


{79 + (xp — 3¢8)} 
Pee Cg pe Dae 
fas + Cu np — 3p} 


Ty = 99* — 6pg*r + (1 + p*) (Sqs — 4r*) , 
so that Tọ = 0 is the differential equation of all equilateral hyperbolas. 


hoo 


§ 3. Geometric Interpretation. 


It is now extremely easy to give the true geometric interpretation 
of the differential equation of all parabolas; for we have shewn above | 
that the index of aberrancy is given by the formula 


3qs — 5r? 
a a J 
EFTA 
and the differential equation of all parabolas is 
3qs — ör? = 0. 
Hence, we conclude that the required geometric interpretation is the 


property that the index of aberrancy vanishes at every point of every para- 
bola. 


E= 
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§ 4. Miscellaneous Theorems. 


The differential expression 
aqs — 57%, 
the vanishing of which we find to be the differential equation of all 
parabolas, may appropriately be taken to represent the species of the 
conic of closest contact at any point of a given curve. For, from the 
equation 
ax? + 2hxy + by? + 2ger + 2fy + c = 0, 


we have 
y= Pe +Q I e + 2He +B; 
where 
h 
= T? Q=- p 
_ hè — ab _ hf —bg e ie 
a pe ae ae 
whence we have, as usual : 
dy er AB — H? 


3 3 


 (Aa® 4 2He + B) 
_ 3(AB—H®) (As + H) 
(Ax? + 2He + B)? 
3 (AB — H?) ‘4 (Ax + H)*—(AB - Hì) | 
E e E O l 


bd 


p~s 


r= ; 


a= 
(Aa? + He + B)? 
Therefore, by actual calculation, we get 


9A (AB — H2)? 


5r? — 3qs = G + OH T 2e + B Bi? 
so that it is clear that the differential expression 
574 — 3qs 
is of the same sign as 
A and k? — ab. 


Hence, we have the theorem that at any point of a curve, the conic of 
five-pointic-contact is an ellipse, hyperbola, or parabola, according as 
dby\? dy dty 
is negative, positive, or zero.* 
Since we have proved that the radius of aberrancy is given by the 
formula 


* See Dublin Examination Papers, 1875, p. 279, Ques. 4, by Prof. M. Roberts. 


332 A. Mukhopadhyay—Differential Equation of all Parabolas. [No. 4, 


2 
wfo (EY 
| dw 
dp\? a dp’ 
2 a Op 
9p? + 4(#) 9p Fat 
and as, moreover, in every parabola, the reciprocal of R vanishes, the 
differential equation of all parabolas in terms of p and w is 
pe (ee = 98 = O18 
P dat = ara 
To integrate this, put 


R= 


p=e 
whence 
3 gu =uw+9 
dw d 
or, 
3du 
dw = rar. 


which gives 
u = 3 tan (wo + k), 
so that 


fuw= 3 ftan CA To 
= 3 log m sec (w + k), 


f udw 


p=e = mè sec? (w + k), 


and 


which, therefore, is the relation between p and w in every parabola, lead- 
ing at once to the intrinsic equation 


c= më f sec? (o + +) dw , 


and, if the origin be suitably chosen, we may put k = 0, so that we 
have the well-known result 


s= m? J ao , 
cos°*w 


14th May, 1888. 


* See also P. A. S. B. 1888, p. 84, footnote. 


